ISRAEL JOURNAL OF MATHEMATICS 126 (2001), 1-16

HOW OFTEN IS 84(¢9 — 1) ACHIEVED?

BY

MICHAEL LARSEN*

Department of Mathematics, Indiana University
Bloomington, IN 47405, USA
e-mail: larsen@math.indiena.edu

ABSTRACT

For any finitely generated group I, the asymptotics of the set of orders
of finite quotient groups of I" are determined by the minimum dimension
of a complex linear group containing an infinite quotient of I'. We give a
proof and an application to the asymptotic behavior of the set of integers
¢ for which the Hurwitz bound is sharp.

0. Introduction

It is a well-known theorem of Hurwitz [5] that a Riemann surface of genus g > 2
has at most 84(g — 1) automorphisms. It has been shown [8] that this bound
is attained for infinitely many values of g and [1] that it fails to be attained
infinitely often. In this paper we look at the question of how often it is achieved.
We prove that good values of g are about as common as perfect cubes.

More precisely, let H denote the set of integers g > 2 such that there exists
at least one compact Riemann surface of genus g with automorphism group of
order 84(g — 1). We prove the following:

THEOREM 0.1: The series deH g~ % converges absolutely for R(s) > 1/3 and
has a singularity at s = 1/3.

If X is a Riemann surface of genus ¢ > 2 and A is the automorphism group
of X, then X can be regarded as a branched covering of X/A. From this point
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of view, it is not difficult to see that if |A| = 84(g — 1), the covering is branched
over three points and A is generated by inertia group generators z, y, and z of
orders 2, 3, and 7 respectively, such that xyz = 1. Conversely, any finite group
A generated by such a triple can be realized as the automorphism group of a
Riemann surface of genus g = |A|/84 + 1. Thus, the problem reduces to group
theory.

We formulate the following general question: Let I' be a finitely generated
group. Let Hr denote the set of isomorphism classes of finite homomorphic
images of ' and O(-) the set of cardinalities of elements of a set of finite sets.
Thus O(Hr) is the set of integers n such that I has at least one normal subgroup
of index n. Let

(0.1.1) Zr(s)= Y n

n€O(Hr)

This is not the only reasonable notion of zeta-function attached to a group (see
[3]), but it is well adapted to our purposes. We want a formula for the abscissa
of convergence of Zr(s). Of course if the profinite completion of I' is finite, then
Zr(s) is entire, so this case is trivial.

Definition 0.2: The quotient dimension gr is the minimal dimension of any
linear algebraic group G, not necessarily connected, such that G(C) contains an
infinite quotient group of I'. If no such G exists, we say gr = oc.

We can now state the main theorem of the paper:

THEOREM 0.3: IfT is a finitely generated group with infinite profinite comple-
tion, then the abscissa of convergence of Zr(s) is 1/qr and Zr is singular at
1/qr.

This theorem reflects the theme, familiar from the classification of finite simple
groups, that finite groups can in some sense be approximated by linear algebraic
groups. It not only implies Theorem 0.1, but it gives a fairly detailed overall
picture of the frequency of g for which there exists a curve X of genus g with
[Aut(X)|/(g — 1) belonging to a given interval.

The proof of Theorem 0.3 depends on two inequalities. One of them can be
proved without invoking the classification theorem, but the other seems to depend
on classification in a fundamental way. The reader might find it interesting
to compare the results and methods of this paper with [7], where the strong
approximation theorem is also used to deduce results on finite index subgroups.
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1. Quotients of a finitely generated group

Before embarking on the proof of Theorem 0.3, we look a little more closely at
Definition 0.2. Let G be a linear algebraic group over C of minimal dimension
among those whose complex points contain an infinite quotient group of I'. If
N is a normal subgroup of G of positive dimension, then the image I'' of ' in
the quotient (G/N)(C) must be finite. The pre-image of I in G contains T" and
must therefore have the same dimension as G. Consequently, dim N = dimG.
This motivates the following definition:

Definition 1.1: 'We say a linear algebraic group G is pseudo-simple when every
normal linear subgroup N of G is either finite or of finite index in G.

LEMMA 1.2: If G is pseudo-simple, the identity component G° is either semi-
simple, multiplicative, or commutative and unipotent.

Proof: Let R and U denote the radical and unipotent radical of G° respectively
and U9 the derived group of U. As these subgroups are characteristic, they are
normal in G, so the filtration {0} C U%" C U C R C G° has one non-trivial
step. A perfect unipotent group is trivial, so U4 = U implies U = {0}. ]

We say that G is of non-abelian, toral, or vector type according to which
of the three possibilities in Lemma 1.2 occurs.

ProposiTioN 1.3: If G is a pseudo-simple linear algebraic group of toral type
such that G(C) contains an infinite homomorphic image of T, then there exists
a pseudo-simple group G' of vector type with dimG' < dim G such that G'(C)
also contains an infinite quotient of I

Proof: Without loss of generality we may assume that [ is an infinite subgroup
of G(C). Let A = G/G°, and A = T NG°(C). As A is of finite index in T,
it is finitely generated, and of course it is commutative. Its torsion is therefore
bounded, and dividing G and I" by g, and p}y, NI respectively, where p, denotes
the n-th cartesian power of the group of m-th roots of unity, we can reduce to
the case that A is free abelian. Now, as A has a A-equivariant embedding in
G°(C) = C"/X.(G°®), where X,(G®) is the group of cocharacters of G°, it has
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an extension by X,.(G°) with a A-equivariant embedding in C*. In particular,
A ® C maps to a A-representation space V of dimension at most n, and V x A
contains an infinite quotient of I'. |

The easier direction of Theorem 0.3 depends on the fact that we can reduce
a homomorphic image of T in G(C) (mod p) for suitable p in order to obtain a
collection of finite quotients of I' sufficient to make Zr diverge. The following
lemma gives a technical formulation of this idea in a general geometric context.
In applications, the scheme X below will parametrize homomorphisms from I to
a suitable group scheme.

LEMMA 1.4: Let X be a scheme of finite type over SpecZ. The following
conditions are equivalent.

(1) X(C) is non-empty.

(2) X(F,) is non-empty for infinitely many primes p.

) Xioix(e,)n0 1/p = 0o

Proof: It is trivial that (3) implies (2). Chevalley’s constructibility theorem
gives (2) implies (1). To deduce (3) from (1), we observe that every non-empty
variety over Q has a point over Q and therefore over some number field. Applying
this theorem to the generic fiber of X, we obtain a K-point of X ® Q and therefore
a Ok[1/n]-point of X for some positive integer n. For each maximal ideal m of
Ok|[1/n] with quotient field F, X (F) # 0. As the Dedekind zeta-function of K
diverges at s = 1,

(1.4.1) > lm]| ™! = 0.
m€ESpec Ok [1/n]

On the other hand, since each rational prime p has at most [K : Q] prime ideals

lying over it, and
D NAED I}

p prime k=2 m=2 k=2

the contribution to (1.4.1) by prime ideals m with {|m|| not prime is finite. The
lemma follows. 1

We can now prove one direction of Theorem 0.3.
THEOREM 1.5: If G is a pseudo-simple group of dimension n over C such that

G(C) contains an infinite quotient of ', then the series Zr(1/n) diverges.

Proof: Let ¢ denote the homomorphism from I' to G{C), which we regard as a
subgroup of GLy(C) for some N. Let A denote the subring of C generated over
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Z by the entries of the elements of ¢(I'). As I is finitely generated, the same is
true of A. Without loss of generality, we may assume that ¢(I') is Zariski-dense
in G. Let I'° denote the subgroup of I' mapping into G°(C). As G/G° is finite,
I'* is a finite index subgroup of I' and therefore finitely generated.

We consider the non-abelian case first. Let G denote the Zariski-closure of
¢(T'°) in GLy over A. As semisimplicity is an open property of a group scheme
(see, for example, [9] p. 297), by replacing A by some localization A[1/b], we may
assume that G is a semisimple group scheme over 4 and that G¢ = G°. Replacing
A by a finite étale cover, we may assume that G is split. The quotient of G by
its (finite) center is a split adjoint semisimple group scheme over A and therefore
the product of split adjoint simple group schemes #;. In fact, the H; must be
isomorphic to one another, but we do not need this.

Let 9;: I'° = H;(A) be the composition homomorphism. By construction, the
image is Zariski-dense in the generic fiber of H;. By [6] Th. 12.3, there exists
a scheme T of finite type over A and a subgroup scheme K; of the pullback
‘Hit = Hi x 4T with the following properties: First, every fiber of K; is a proper
subgroup of the corresponding fiber of H; r; and second, if s is a geometric point
of Spec A and A a finite subgroup of #H;; which is not contained in any K;¢, for
t lying over s, then A satisfies

(HE)dr c A c HE,

for some Frobenius map F on H;,;. The set of s such that the specialization of
¥i(T'°) to H;, lies in some K;; is constructible and nowhere dense, since I'° is
finitely generated. Therefore, localizing A once again, we may assume without
loss of generality that this set is empty for all i. Note that A is still finitely
generated over Z.

If F, is a quotient of A, then the image of 1;(I'°) in H;(F,) contains H;(F, )"
as a normal subgroup. Thus, ¢;(I'°) has a quotient of order < (p+ 1)4"™*: which
contains H;(F, )" as a normal subgroup, which means that ¢(I'°) has a quotient
of order < (p + 1)™ which contains each H;(F,)4®" as a subquotient. Finally,
#(') and therefore I' itself has a quotient of order < |T'/T°|(p + 1)™ which has
each 7;(F,)4°" as a subquotient. The other Jordan-Hélder constituents of this
quotient are cyclic groups of prime order or subquotients of I'/T°. For p > 0,
therefore, these quotients are pairwise distinct, and by Lemma 1.4, they are
enough to guarantee the divergence of Zr{(1/n).

Weisfeiler’s work on strong approximation [9] gives an alternative, somewhat
easier, argument for the nonabelian case. Unfortunately, it makes use of the
classification of finite simple groups.
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For the vector case, we observe that I' must be an extension of the component
group A = G/G° by a free abelian group A. Given two short exact sequences
0 - A, - B, —» C; = 0 where A; are abelian and fixed homomorphisms
a: A = As and v: Cy - (s, there exists a homomorphism §: By — B; making
the diagram commute if and only if @ and v are compatible with the actions of
C; on A; and the cohomology classes H?(C;, A;). Since we have a map from I’
to G(C), there is an n-dimensional quotient of the A-representation A ® C. This
A-equivariant quotient map can be defined over a number field K and therefore
over Og[1/m] for some positive integer m. If m is a prime ideal of Ok[1/m] with
residue field I, then there exists an n-dimensional IF,-representation of A which
is a quotient of A ® O[1/m]. If p > |A|, the image of any cohomology class in
H?*(A,A) in H*(A,F2) is zero, so there exists a map from T' to the semi-direct
product ¥ »x A which induces the identity on A. If p > 0, it is onto, and the
homomorphic images of I' thus obtained are clearly pairwise non-isomorphic. We
conclude, as in the non-abelian case, using Lemma 1.4.

The toral case reduces to the vector case by Proposition 1.3. 1

The converse is more difficult, since here we must start with a collection
of finite homomorphic images and eventually produce an infinite image in a
complex linear group. The crucial point is that, according to the classification
theorem, “most” finite simple groups are of Lie type and can therefore be regarded
as (mod p) reductions of simple Lie groups. To make this precise, we have the
following theorem:

PROPOSITION 1.6: There exists a set = of finite simple groups such that

Yo la

GeE

converges for R(s) > 0 and every non-abelian finite simple group not in Z is of
Lie type.

Proof: By the classification theorem [4], every finite simple group is cyclic,
alternating, of Lie type, of Suzuki or Ree type, or sporadic, and there are only
finitely many sporadic groups. Note that in what follows, the Suzuki and Ree
groups will not be considered to be of Lie type. Let = consist of the alternating,
Suzuki-Ree, and sporadic groups. The series

o0

S (nt/2)

n=5
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is obviously entire as are the series

00
Z(z4f+2(2f4+2 ¥ 1)(22f+1 _ 1))—3
=1

for Suzuki groups and

Z(36f+3 36f+3 + 1)(32f+1 _ 1))—87
f=1

x>
Z 224f+12 21 2f4+6 1)(28f+4 _ 1)(26f+3 + 1)(22f+1 _ 1))_3
f=1

for Ree groups. ]

It should be noted that Proposition 1.2 is a priori a good deal weaker than the
full classification theorem. It allows for the possibility that there are infinitely
many sporadic groups, provided that the order of the nth such group grows at a
more than polynomial rate in n. This weaker version of classification is all that
we use in this paper, and it would be interesting to know whether it is easier to
prove than the full statement.

It should also be noted that = can be augmented to contain additional groups
which are in any respect troublesome, as long as the order of the nth such group
grows faster than any polynomial in n. In what follows, we will find it conve-
nient to assume that every finite group of Lie type is of the form H(F, )", where
H is an adjoint simple algebraic group over the finite field F,. We also find it
convenient to assume that all automorphisms of such a group are obtained by
composing a field automorphism, a diagonal automorphism, and a graph auto-
morphism in a unique way. By [2], we can guarantee these statements for G € =
without sacrificing Proposition 1.6.

Proposition 1.6 allows us to show that the abscissa of convergence of Zr(s) is
not affected by quotient groups of I' which contain normal subgroups of the form
A¥ A € Z. At the same time, we also want to exclude quotient groups with
non-trivial center.

Let 3 be a family of finite groups, and N and d positive integers. Let Op 4=z(%)
denote the set of expressions of the form m|A|, where A € ¥ and m is a product
of terms m;, where each m; is of one of the following kinds:

(1) a prime < N;

(2) a prime dividing |A|;

(3) a prime power p* where a > d;
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{(4) the order of an element of Z;
(5) an expression of the form |H(F,»)4¢"|*, where H is a simple algebraic group
and abdim H > d.

PROPOSITION 1.7: Given positive integers N and d and a real o > 1/d, if
2
n€O0N,4,=(Hr)

diverges, then Zr(s) diverges for R(s) < o.

Proof: We define the saturation of a set A of positive integers with respect to
another set B as the set

A[B)] := {anbi la€ A, be B}.

Thus for real s,

(1.7.1) S onmr<[[a=-67571) n
neA[B) beB ncA

If 34cpb™° converges, then 37 ,n~° converges if and only if 3 ¢ 45 n~°
converges. This shows that saturating with respect to primes < N or with
respect to orders of elements of = has no effect on convergence for R(s) > 0.
Groups of Lie type can be divided into the classical types (4., 2A,, By, Cn, Da,
and 2D,,), and a finite number of exceptional types (®Dy, Es, 2Eg, Ey, Es, Fy,
and G5). By [2] the order of a group associated to a type of dimension e and a
prime power g is greater than

q° q°
—. ” 1—¢g ™ > .
e n___l( 4 )_46

If we fix a type of dimension dy, the sum of |H(F,)9"|=°¢ over all @ and b with
abdy > d and p prime is at most

—abdps

p
%2 G

This converges as long as s > 1/d. Therefore the contribution of any single type
in (5) above can be neglected. For the classical cases, we use the fact that the
order of a group of Lie type is greater than the order of its p-Sylow subgroup,
which is at least p*", where ¢ = p® and r is the rank. For rq sufficiently large,

[o olENNe BN L o)

Z Z Z E (pabr)—s

p a=1b=1r=r9
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converges.
To deal with primes of type (2), we observe that for fixed ¢ and ¢ > 0, for all
p>0,
(1-p )t <2<y

By (1.7.1), there exists a constant M independent of n = p{" - - - pi* such that

Z m~% < Mn°.
me&{n}{p1....pr}]

It follows that Zr(o — €) diverges. ]

If the abscissa of convergence of Zr(s) is greater than 1/d, it coincides with
the abscissa of convergence of any series of the form

>

neO(HL)

where On g =z(Hr) = On,q,=(Hp). In particular, we set H{. to be the set of finite
quotients A of I satisfying the following conditions:
(1) the order of every non-trivial normal subgroup of A has a prime factor
> N;
(2) if Q is a commutative normal subgroup of A, || is relatively prime to
|A/€;
(3) a non-trivial normal elementary p-subgroup of A has rank < d;
(4) A has no normal subgroup which is the power of an element of =;
(5) A has no normal subgroups of the form (H(F,)%)*, where abdim H > d.
To choose N, we note that the abelianization I'/[[',T] is a finitely generated
abelian group. If it is a torsion group, we choose N larger than any prime dividing
its order. If it has a non-trivial free part, then gr = 1 and Zr(s) is the Riemann
¢-function, so Theorem 0.3 is obvious. We may therefore assume from now on
that the abelianization of I is torsion.

LEMMA 1.8: Every element in H[. has trivial center.

Proof: Let ), denote the p-torsion subgroup of the center of an element A € Hy..
By (2), |A/Q,] is relatively prime to p, so the cohomology class in H2(A/$,, )
determining the central extension is trivial. It follows that Q, is a homomorphic
image of A and therefore of I'. If , is non-trivial, then p < N, but this is
impossible by (1). |

We can now prove the following theorem:
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THEOREM 1.9: IfT is a finitely generated group, n is a positive integer, and the
abscissa of convergence of Zr is greater than 1/n, then qr < n.

Proof: The crucial property of the set Hr is that it is closed under the process of
taking quotients. For any such set S of isomorphism classes of finite groups, we
construct a group scheme over Z such that infinitely many elements of S appear
as subgroups of different fibers. For & = Hr, this allows us to apply Lemma 1.4
to obtain a Zariski dense homomorphism from I' to the complex points of the
group scheme.

We set d = n and construct Hy. as above. Let A be an element of Hf, and let
Q% be a characteristically simple normal subgroup of A. We consider two cases:
} non-abelian and @ = Z /pZ.

If Q is non-abelian, setting ' = A/ZA(02%), we obtain a homomorphic image
of I satisfying

Q% C Q' C Aut(2%) = Q% x Out(Q°).

As Q € Z, we may assume without loss of generality that € is of the form
H(F, der where abdim H < n and every outer automorphism of 2 is the product
of a field automorphism, a diagonal automorphism, and a graph automorphism
in a unique way. In other words, setting G to be the Weil restriction of scalars
of H* from Fs to Fp, Q% C G(Fp), and Q' can be realized as a subgroup of
G(Fp) » Out(®), where @ is the root system of G. Moreover, p can be chosen to
be as large as we wish simply by increasing the size of N.

If G denotes the semidirect product of the adjoint Chevalley group scheme
with root system & by Out(®), there are infinitely many geometric fibers of G
admitting homomorphisms from T, and the orders of the images go to infinity.
The scheme Y := Hom(T', G) is a closed subscheme of G9 if I has g generators, so it
is of finite type over Spec Z. It is therefore a finite union of irreducible components
Y;. For each generic point of a component Y;, we have a representation of I'. If
the image of this representation is finite of order NV;, then the representation
corresponding to any point in Y; has image of order < N;. We choose N to be
larger than any N;. Any homomorphic image ' with p > N must correspond
to a point of Y which does not lie in any such component. Let X be the open
subscheme of Y consisting of the union of all components whose generic points
correspond to a homomorphism of infinite image. Applying Lemma 1.4 to this
scheme, we conclude that X (C) is non-empty.

There remains the case ) = Z /pZ. We again set ' = A/ZA(0?). Clearly Q' is
a homomorphic image of I' and a subgroup of GL, (F,). Moreover, by conditions
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(2) and (3) for H{, ' has order prime to p and a < n. By a standard lifting
argument, we can realize ' as a subgroup of GL,(Z,) C GL.(Q,). By Jordan’s
theorem, Q' is an extension of a group of order < J(a) by an abelian group Q0
with < a generators. We now distinguish two cases: either (2, is bounded for all
choices of 2, as p goes to oo, or |, | grows without bound. In the first case, we
observe that ker(I' = ') contains Q% as a central subgroup. By property (2),
Q¢ splits as a direct factor. The complementary factor is uniquely determined
and therefore normal in I'; the quotient is an extension of ' by Q2. Thus, in the
first case as in the second, I' has a homomorphic image which is an extension of a
group of bounded order by an abelian group whose order can be taken arbitrarily
large but which can be generated by < a elements. The theorem now follows from
the following lemma:

LEMMA 1.10: Let A denote a fixed finite group. Suppose that for some integer a
there exists an arbitrarily large finite group which is a homomorphic image of T
and also an extension of A by an abelian group with a generators and order prime
to |A|. Then there exists an extension of A by C* which admits a homomorphic
image of I of infinite order.

Proof: AsT isfinitely generated, there are finitely many homomorphisms 7: I' —
A. Every homomorphic image of I' which is an extension of A determines one
such homomorphism, and we fix = such that ker = contains normal subgroups T';
of arbitrarily large finite index for which ker 7/T'; is abelian with a generators and
order prime to |A]. Let A denote the abelianization of ker 7. Thus, A is a finitely
generated abelian group. By hypothesis, A has A-invariant normal subgroups
I'; of arbitrarily large finite index for which the quotients have a generators and
order prime to |A|. The same is automatically true for the free Z-module A/A¢or,
and working locally, we see the same is true if we restrict attention to subgroups
of prime-power index. Fix one prime p not dividing |A} for which such a subgroup
exists. As (A/A¢or) ® F, has an F,[Al-invariant subspace of dimension < a,

(A/Ator) ®C=A®C

has a C[A]-invariant subspace V of the same dimension, so V x A contains a
homomorphic image of ' of infinite order. |

This concludes the proof of Theorem 1.9 and therefore, given Theorem 1.5, the
proof of Theorem 0.3.
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2. The geography of {(g,] Aut(X)})

Let X be a Riemann surface of genus g > 2, A its automorphism group, Y = X/A
the quotient Riemann surface, and 7 the quotient map. Suppose 7 is ramified at
points y1, ..., y, of Y with ramification indices ey, ..., e,; we choose the number-
ing so that 2 < e; < ey <--- < e,. Then the degree of the ramification divisor
is "
SIAlL $=>"(1-¢€).
i=1

Thus, if & is the genus of Y,
2g—2=(2h -2+ S)IA|.

We are only interested in the range |A| > 4(9—1), so we may assume h = 0. This
is because if h = 1, the condition g > 1 implies S > 0, which implies S > 1/2.
Thus, we may assume Y is a sphere.

Let V' := Y ~{y1,...,yn} and X' := #~1(Y"). Thus X' is a regular covering
space of Y', and the group of deck transformations is A. Fixing a base point
y € Y', we obtain a surjective homomorphism p from 71 (Y’,y) to A by the usual
method of lifting loops in Y to paths in X'. We choose loops ~; around y; such
that 71 - - -y, = 1. By definition of ramification index, ~;* lifts to a loop in X'.
Thus p factors through the group T, .. ., defined as follows:

Definition 2.1: We write I', . ., for the group with presentation
[4 € (3
(1, %2, ..., Telxt, 252, .., 2, 210 - - - Th).

Conversely, a surjective homomorphism from I'c, . .. to a finite group A
determines a regular covering space X’ of Y’ with group A and satisfying the
property that each ~;* lifts to a loop in X'. Lifting the structure of complex
algebraic curve from Y’ to X', we see that the latter is an open complex alge-
braic curve and therefore has a canonical compactification X. As X is canonical,
A acts with quotient Y, and the ramification indices at y; divide e;. If the homo-
morphism does not factor through any Ty, . 4., where d; | ¢; and [[d; < []es,
the ramification indices are exactly e;.

PROPOSITION 2.2: If a, b, ¢ are positive integers, then T'yp . has quotient

dimension < 3.

Proof: 1t is clear that [, 5 . is the group of orientation-preserving isometries of a
sphere, a Euclidean plane, or a hyperbolic plane generated by reflections through
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the sides of a triangle with angles 7/a, /b, and 7/c. It is therefore contained in
SO3; C SO3(C), a wallpaper group, or PSLy(R) C PGL2(C). Thus the quotient
dimension is no more than 3. |

PRrROPOSITION 2.3: If a, b, ¢ are positive integers such that
11/12 < 1Ja+1/b+1/c < 1,

then Iy . has quotient dimension > 2.

Proof: If the quotient dimension is 1, by Proposition 1.3, we may assume that
I :=T, 4, has an infinite quotient Zariski-dense in G(C), an extension of a finite
group by C. As G/Z(G®) acts faithfully on C, it is finite cyclic. Let d be its
order. Thus I maps onto Z /dZ. This is possible only if every prime power factor
of d divides at least two of a, b, and ¢. As 1/a+1/b+1/c € (11/12,1), the only
possibilities are (2,3,¢), 7 < ¢ < 11 and (2,4, 5). In each case at least one of the
exponents is relatively prime to both of the others. Without loss of generality we
may assume that a is relatively prime to b and ¢ and therefore that d divides the
greatest common divisor of b and ¢. The kernel of the homomorphism I' — Z /dZ
is generated by conjugates of z, y¢, and z?. Indeed,
k
ko = H yh—ig=lyi=k,
i=1

so both yz and (2y) ™! = 4> 125~ are such products. The image of the kernel in

G(C) lies in a central extension of ker(G/G° — Z/dZ) by C, which is necessarily
trivial. Thus, we can project and obtain a homomorphism from the kernel to
C with infinite image, generated by elements of finite order. The contradiction
proves the proposition. |

ProroOSITION 2.4: The groups I3, TI'a3s, and T'23., have quotient
dimensions 3, 2, and 1 respectively.

Proof: If the quotient dimension of I' := TI'y 3 7 is 2, there exists a 2-dimensional
pseudo-simple group G of vector type such that G(C) contains a quotient of T of
vector type.

The quotient group G/Zs(G®) is therefore a homomorphic image of I', and
it acts faithfully on C?. It has no non-trivial commutative homomorphic image,
since commuting elements z,y, z satisfying

(241) 1’2 = y3 = 27 =TYyz = 1
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must satisfy x = y = 2z = 1. By the classification of finite subgroups of PGLy(C),
every finite subgroup of GL2(C) which is not solvable maps onto the alternating
group As. However, (2.4.1) has only trivial solutions in As since 27 = 1 implies
z = 1. It follows that G is a central extension of m(G) by G°. As G° =
C?, such an extension is trivial, so G° as a quotient of G admits a non-trivial
homomorphism from I, which is absurd.

For I := I'y 3 g, we note first the homomorphism onto GL3(F3):

z— A= ((1) _01>, y— B = (_01 _11), z=C = (_11 (1))
Let p: GL2(F3) — GL2(C) denote a non-trivial representation. For any v € C2,
we can map I to C* x GL2(F3) sending z to (0, A), y to (—p(B)v, B), and z to
(v,C). The image of 2* is ((1 + p(C) + p(C?) + p(C?))v, —1). The commutator
of (w, —1) with the image of = is a non-trivial translation as long as w is not in
the —1-eigenspace of the image of z. As 1+ p(C) + p(C?) + p(C?) is invertible,
this can be guaranteed by a judicious choice of v.
For I :=I's 3,12 we can map to C x Z/6Z as follows:

2 (0,3), yo (1,2), 20 (5, 1).

As
22 (—elg_l(l +e% + e%), 1)
the commutator of z and 22 is of infinite order in C. |
Remark: T' = T237 has an additional homomorphism to a 3-dimensional

pseudo-simple group. This is obtained in the following way. Let NV be the normal
subgroup of I" of index 168, corresponding to the Klein quartic. The quotient
['/N9r is an extension of PSLa(7) by Z® which gives rise to a Zariski-dense map
from T" to C® x PSLy(7). The latter has a pseudo-simple quotient of dimension
3. Aside from PGLg, this is the only 3-dimensional complex group containing a
Zariski-dense quotient of I'y 3 7.
THEOREM 2.5: Let )

1 if x < 24,

1/2 if24 <z <48

fle) = 1?3 if48 < 7 < 84,

—oc ifz > 84.

If H, = {g € N | There exists a Riemann surface X with Aut(X) > z(g — 1)},

then
>

yEHm



Vol. 126, 2001 HOW OFTEN IS 84(g — 1) ACHIEVED? 15

converges for R(s) > f(z) and diverges at s = f(z) assuming z < 84. In
particular, for all € > 0, for all sufficiently large N,

NI@=c < |{1,2,..., N} H,| < Nf@)+e,

Proof: The case £ > 84 is immediate from the theorem of Hurwitz. For z €
(48,84], H, is the set H in the introduction. It consists of finite quotients of
I's.3.7, so the corresponding (-function has abscissa of convergence ®(s) = 1/3
and diverges at 1/3. For = € (24,48], H, is a finite union of orders of finite
quotients of certain I'y p . all of which have quotient dimension > 2 and at least
one of which has quotient dimension 2. Moreover, each of these groups has the
property that every sufficiently large quotient fails to be a quotient of a smaller
Lo pr oo where a' | a, b' | b, and ¢’ | e. For z < 24, the set in question includes
all homomorphic images of I' :=I'; 3 12. This group has infinite quotient I'y 3¢,
8o we must exercise some care in showing that the set of homomorphic images
of I which do not factor through I's 3 ¢ is enough to give divergence at s = 1. If
¢: T' = A is any surjective homomorphism, we can map I' to A x Si2 by

z = (4(2), (34)(67)(910)), y = (4(y), (123)(456)(789)(101112)),
20 (6(2),(136912111087542)).

This gives a collection of homomorphisms which do not factor through I's 3,
and they are enough to give divergence at s = 1 since Zr(s) diverges at s = 1.
|

Theorem 0.1 is a special case of this result. We remark that the fact that
f(24) = 1 does not mean that Hoy has positive density. On the other hand, by
[1], Hg contains all g > 2.
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